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Quantum eect of auxiliary elds is considered for the gap equation of the Nambu{
Jona-Lasinio model with N -component fermions in 3 as well as 4 dimensions. N is not
assumed so large but regarded as a loop-expansion parameter. The one-loop, O(1=N),
contribution of auxiliary elds enhances the chiral symmetry breaking in both cases except
the massless region where loop integrals are infrared divergent. Dependence on momentum





The Nambu{Jona-Lasinio (NJL) model[1] is, needless to say, one of the most famous eld
theoretical model exhibiting dynamical-symmetry-breaking (DSB) phenomena. Owing to
its simplicity, there have been many studies using the NJL models: some of recent trends
are those which deal with external disturbances such as background gauge elds[2, 3,
4, 5] or curved spacetime[6] in order to explore the detailed phase structure. Originally,
calculations for DSB had been done in a self-consistent manner to yield the gap equation[1]
but later it was revealed that results are much easily obtained in path integral with the use
of the auxiliary[7] or the Hubbard-Stratonovich[8] eld. The recipe which we shall call the
auxiliary eld method[9] becomes exact when the number of degrees of freedom, N , goes
to innity but the analysis[10] shows that even if N = 1, we can improve results toward
the true value by taking higher orders in the loop expansion. Therefore it is desirable to
incorporate quantum(=loop) eect of auxiliary elds to the gap equation when N remains
nite.
There have been attempts for considering O(1=N) terms to the eective potential
in order to clarify the renormalizability in 4 > D > 2[11] or for including quantum
eect of mesons to the phenomenological relations such as Gell-Mann-Oakes-Renner or
Goldberger-Treiman ones[12]. There is, however, very few to discuss the gap equation
directly except a recent one[13] which concludes that DSB in NJL is fake. Contrary to this,
we demonstrate in this study that DSB becomes more prominent when including the one-
loop contribution to the gap equation in D = 3 as well as D = 4. (There appear others[14]
that also oppose the result of ref.[13].) We do not care about the renormalizability and
introduce an explicit cuto to dene a model. In x2, we present a general formalism in
path integral to obtain an eective potential in the NJL model. We work with the N -
component fermion model but as stated above N is merely a loop-expansion parameter to
remain nite. The next section, x3, deals with the gap equation in the one-loop order of
the auxiliary elds to conclude that the dynamical mass of fermion becomes heavier than
the tree case for a xed four-fermi coupling. The nal section is devoted to discussions
in which we study another option of loop integrals to the gap equation; since in cuto
theories results should depend on the way of dividing the loop momentums. We have
found, however, no eminent dierence.
2 Formalism
In this section, we develop a general formalism in order to clarify our goal: the NJL Model
in 3 as well as 4 dimensions is given as
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3where N -component fermion elds have been introduced and γµ’s are 44 matrices, even
in 3 dimensions1, satisfying


















The quantity we should consider is




















(J(x); J5(x)) ; D = 4 ;
(J(x); J4(x); J5(x)) ; D = 3 ;
; (8)
where J(x)’s are c-number sources and T designates the (imaginary) time-ordered prod-
uct. (We have introduced a J2 term just for a later notational simplicity.) From this we
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(11)
to eliminate the four-fermi interaction, we nd
Z[J ] =
Z
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to be able to realize a chiral symmetry,
 (x) −! eiγ4 (x) ;  (x) −! eiγ5 (x) ; (4)
which is, therefore, a global U(2) symmetry, nally broken down to U(1) U(1) by a mass term.






























−Tr ln (@6 +   Γ ) ; (14)
where Tr designates spinorial as well as functional trace. Write
Z[J ]  e−NW [J] ; (15)
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J ; (16)
with expectation values being taken by the eective action, eq.(13), or by the original
action, eq.(9), then perform a Legendre transformation with respect to W [J ] to obtain
the eective action,












dDx A(x)B(x) ; (18)
has been employed. If J is constant, the eective action becomes the eective potential
as usual:
Γ [] J 7!const.=) V TV() ; (19)
with V being D − 1-dimensional volume.










(0 + J)(x)− trΓS(x; x : 0) ; (20)
where S(x; y : 0) is a fermion propagator under the background elds,
(@6 + 0(x)  Γ )S(x; y : 0) = (x− y) : (21)
2The result becomes exact when N goes to innity, which, however, is not the case in this analysis: N is a
mere expansion parameter that nally be put unity.
5Second, expand I around 0
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Third, put ( −0) 7! =
p
N , then perform the Gaussian integration with respect to
 to obtain
W [J ] = I0 +
1
2N
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Here the trace is taken only for spinor space. I(2)0 is a matrix in the  spaces. I0 is the
\tree" part while Tr ln I(2)0 is the \one-loop" part of the auxiliary elds. Using eq.(16) we
nd
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Note that dierence between  and 0 is O(N−1). Inserting eq.(27) into the eective
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)

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(x− y) + trΓS(x; y : )ΓS(y; x : )

+O(N−2) : (29)
In eq.(29) the rst two terms are the tree part and the O(1=N) term is the one-loop part
of the auxiliary elds. The vacuum is chosen from
@V
@
= 0 : (30)
Armed with these, we now proceed to a detailed calculation.
63 The Gap Equation
Performing a chiral rotation we put
 =
(
(m; 0) : D = 4 ;
(m; 0; 0) : D = 3 ;
: (31)
Thus the logarithm in the tree part of eq.(29) turns out to be
1
V T

































which is nothing but the classical equation of motion (20), and, when m 6= 0, becomes
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and Γ(D=2) is the gamma function with Γ(2) = 1;Γ(3=2) =
p
=2.
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7is the vacuum polarization of auxiliary elds and use has been made of the Fourier trans-
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[l2 + p2(1=4 − t2) +m2]2 : (43)
We call this the rst option while eq.(42) the second option whose consequence is discussed
in the following section. Now by recalling that the one-loop term, eq.(38), is O(1=N), m
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8has been introduced. In view of eq.(44) and recall that this is the full (inverse) propagator
of the auxiliary elds to realize that Γ = iγ5(γ4) part behaves massless particle(s), that
is, Nambu-Goldstone particle(s).
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qD,x(x; s)  @qD(x; s)
@x
; (52)
to nd the gap equation, up to the one-loop order of the auxiliary elds:
4D/2−1D/2Γ(D=2)
D−2





D (x) : (53)
First note that g(1)D (x)’s, eqs.(50) and (51), are infrared divergent when m = 0 (x = 0),
which can be convinced by the power counting: it consists of the rst derivative of the
mass to the vacuum polarization, which becomes singular when p = 0;m = 0. We can,
however, avoid this infrared singularity by setting J 7! −; J5(J4) 7! 0, instead of J 7! 0.
 is a tiny fermion mass as well as a symmetry breaking parameter, acting as the infrared
cuto 2=2.(See eq.(16)).
We have plotted the right hand side of eq.(53) forD = 4 andD = 3 in the Figures 1 and
2. The horizontal line stands for the value of x = m2=2 and the vertical line represents
42=(2) in D = 4 and 2=() in D = 3 respectively. The solid line represents that of
g
(0)
D (x): the tree case or that of N = 1. The dotted and the dash-dotted lines include
O(1=N) contribution with N = 1 and N = 5, respectively. We cannot discuss about
the critical coupling constant because of the infrared singularity but nd that the curves
including quantum eects of the auxiliary elds lie above the tree curve in a whole region,
implying that we can get the same magnitude of the dynamical mass with a smaller
coupling constant . Therefore, we conclude that quantum eects of the auxiliary elds


















Figure 1: The right hand side of the gap equation in D = 4: the solid line designates the tree
order or N = 1 , while the dotted and the dash-dotted ones are those of N = 1 and N = 5
respectively.
4 Discussion
We have found that quantum eects of auxiliary elds, mesons phenomenologically, en-
hance DSB, which justies the applicability of the NJL model to DSB phenomena. In-
frared divergence occurred in the loop integrals, however, hinders us from determinat-
ing the critical coupling. Here we should recall the case of the critical coupling under
the constant magnetic elds[2, 3, 4], which is zero because of the dimensional reduction
D 7! D−2[3]. In other words, this is due to an infrared divergence of the vacuum fermion
graph under the influence of background elds[4]: the right hand side of the gap equation
becomes innite to yield a mass even under an innitesimal coupling. Therefore we are
tempted to conclude that our critical coupling would become also zero, which, however,
is not allowed; since we perform a loop (1=N) expansion and encounter the infrared di-
vergence at the one-loop graph. In the background eld case, on the contrary, we did not
make any approximation.
In this study, we have assumed that we could shift the loop momentum freely even
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Figure 2: The right hand side of the gap equation in D = 3: the solid line designates the tree
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Using this prescription to the nal expression in eq.(42), we plot the one-loop contribution
of N = 1 in Figure 3 with the solid lines, where the dotted lines designate the rst option,
eq.(43). From these, mass increases in D = 4 but decreases in D = 3 for a xed four-fermi
coupling, although the dierences are tiny.
The power of the auxiliary eld method is shown in ref.[10], using 0- as well as 1-
dimensional examples, however, case is only for bose one. Analysis for a fermi case in 0-
as well as 1-dimensional case is now under study and again would justify our expectation
that inclusion of higher-loop eects of auxiliary elds improves a result much better[16].
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Figure 3: Graphs with using the second option of momentum shift. The upper and the lower
are for D = 4 and D = 3 with N = 1 respectively. The dotted lines designate the results of the
first option, that is, those from allowing momentum shift, while the solid lines represent the
results of the second option. The region x  0.1 is omitted because of the infrared divergence.
